Irrespective of whether n is prime, prime power with exponent > 1, or composite, the group Un of units of Zn can sometimes be obtained as Un = x × x + k × x + 2k where x, k ∈ Zn. Indeed, for many values of n, many distinct 3-factor decompositions of this type exist. The circumstances in which such decompositions exist are examined. Many decompositions have additional interesting properties. We also look briefly at decompositions of the multiplicative groups of finite fields.
Introduction
An element of Z n is a unit of Z n if x and n are co-prime. If the prime-power decomposition of n is n = p α q β r γ · · · where p, q, r, . . . are distinct primes, then the number of units is given by Euler's totient function φ n = |U n | = (p − 1)p α−1 · (q − 1)q β−1 · (r − 1)r γ−1 · · · where U n denotes the group of units [6, Chap. 5] We recall the structure of U n :
• If n = p α q β r γ · · ·, where p, q, r, . . . are primes, then
• If p is an odd prime, then U p α is cyclic of order φ p α = p α−1 (p − 1);
• U 2 α is cyclic of order 2 α−1 if α ≤ 2, and is isomorphic to C 2 × C 2 α−2 otherwise.
In particular, although U n may be expressible as a direct product of cyclic groups in many different ways, the smallest number of factors is equal to the number k of prime divisors of n if n is odd, or k − 1 if n is twice odd, or k if n is four times odd, or k + 1 otherwise. The largest number of factors depends on the prime decompositions of p − 1 for the prime divisors p of n. In particular, if n is prime, then the maximum number of factors is the number of distinct prime divisors of n − 1.
We are mainly concerned here with cases where n is odd and U n is the product of three cyclic factors. As noted, this forces strong conditions on n: it should have at most three prime divisors; and if n is prime, then n − 1 should have at least three prime divisors.
If we can write U n = x × y × z where x denotes the subgroup generated by x and the symbol × connotes a direct product, then we have a threefactor decomposition of U n . If the orders (mod n) of x, y and z are respectively a, b and c, and we need to specify them succinctly, we use the notation U n = x a × y b × z c and ord n (x) = a etc.
Irrespective of whether n is prime, a prime power with exponent > 1, or a composite, we can sometimes write U n = x × x + k × x + 2k (1) for some x, k ∈ Z n , so that the generators are in arithmetic progression (AP). We then have a three-factor AP decomposition of U n , which we abbreviate to a "3AP decomposition" of U n . Notable examples are with k ≡ 28 ≡ −3 (mod 31). Faced with such a choice between two equivalent representations, we leave ourselves free to choose whichever seems the more convenient in the context in which it arises. A rule to make the choice with 0 < k < (n−1)/2 would be unsatisfactory, especially as some decompositions (1) fall into infinite series within which k lies variously in (0, (n − 1)/2) and in ((n − 1)/2, n).
Examples where the two outer generators differ by 1 include We now note three possibilities:
[A] For some values of n, different 3AP decompositions of U n may arise for different factorisations φ n = a · b · c. [B] For a fixed factorisation φ n = a · b · c for a fixed n, we may have different 3AP decompositions x × y × z of U n where the values of ord n (y) are different members of {a, b, c}. Thus we have Clearly, a 3AP decomposition of U n , where n is prime and n > 4, cannot exist if the prime-power decomposition of n − 1 contains fewer than 3 distinct primes.
Sufficient conditions for the existence of 3AP decompositions of U n seem to be elusive. Thus only computer search has established that, in the range n < 300, a 3AP decomposition of U n does not exist for any of the values n = 71, 127, 139, 223 and 277. (We here exclude the "weak" 3AP decompositions defined in §2 below.)
For any n with n > 4, there is a primitive root of n (an element from U n that generates all members of U n ) if and only if n is an odd prime power or twice an odd prime power. In general we write λ n for the maximum order of a member of U n ; if n is odd, with prime power decomposition
We write ξ n = φ n /λ n ; as shown in [3, §6] , ξ n is even if greater than 1.
Problem 2
Is there an upper bound on the number of 3AP decompositions of U n in terms of ξ(n)? Conversely, for a given value of ξ(n) = m, is it always possible to find n with no 3AP decompositions? Empirically we have found a tendency for larger values of ξ(n) to be associated with larger numbers of decompositions. The table below, obtained by computer, gives D, the maximum number of 3AP decompositions of U n , where n ≤ 1000 and ξ(n) is prescribed. 2 n prime For n prime, the multiplicative group U n is cyclic, and so if it is expressed as a direct product, the factors must have pairwise co-prime orders.
The case
We first prove three theorems that apply for prime values n such that the factors in a 3AP decomposition of U n have orders 2, 3 and m, where 2, 3 and m are pairwise co-prime. The first of these theorems is closely linked to Theorem 2.7 of [1] . We begin with some preliminary remarks.
Our assumption on n implies that n ≡ 7 or 31 (mod 36), and n > 7. In particular, since n ≡ 3 (mod 4), the quadratic residues have odd order, and the non-residues have even order. In our Theorems, we will be interested in the solutions of the quadratic equation x 2 + 3x+ 3 = 0 in Z n . Its discriminant is −3, which (by Quadratic Reciprocity [6, §7.4] ) is a square in Z n , so the quadratic has two roots in Z n . The product of the roots is 3, which is a non-square; so one root (say x 1 ) has odd order, and the other (say x 2 ) has even order. We also note that the values y 1 = x 1 + 1 and y 2 = x 2 + 1 satisfy the quadratic equation y 2 + y + 1 = 0, and so ord n (y 1 ) = ord n (y 2 ) = 3.
Theorem 2.1 Let n be a prime satisfying n ≡ 7 or 31 (mod 36), n > 7. Suppose that the elements x 1 and x 2 from U n that satisfy x 2 + 3x + 3 ≡ 0 (mod n) are such that ord n (x 1 ) = (n − 1)/6. Then ord n (−(x 1 + 2)) = 3 and so
where m = (n − 1)/6. Proof As noted above, 3 = ord n (x 2 + 1), and
Coverage In the range n < 1000, Theorem 2.1 covers values as follows: Theorem 2.2 Let n be a prime satisfying n ≡ 7 or 31 (mod 36), n > 7. Suppose that the elements x 1 and x 2 from U n that satisfy x 2 +3x+3 ≡ 0 (mod n) are such that ord n (x 1 ) = (n − 1)/2 and ord n (x 2 ) = (n − 1). Then ord n (x 2 + 1) = 3 and ord n (2x 2 + 3) = (n − 1)/6, so that
where m = (n − 1)/6.
Proof Since U n = −1 2 × x 1 + 1 × C (n−1)/6 , the hypothesis ord n (x 2 ) = n− 1 shows that x 2 = −(x 1 + 1)c or −(x 2 + 1)c, where ord n (c) = (n − 1)/6. Hence either −(x 1 + 1)x 2 or = −(x 2 + 1)x 2 has order (n − 1)/6. Now x 1 + x 2 = −3 and x 1 x 2 = 3, so −(x 1 + 1)x 2 = −3 − x 2 = x 1 , which has order (n − 1)/2, by assumption. So −(x 2 + 1) Theorem 2.3 Let n be a prime satisfying n ≡ 7 or 31 (mod 36). Suppose that z is one of the elements x 1 and x 2 that satisfy x 2 + 3x + 3 ≡ 0 (mod n) and that ord n (2 −1 z) = (n − 1)/6. Then
Proof As for Theorem 2.1. But it depends on n whether z is the solution of x 2 + 3x + 3 ≡ 0 that has the larger or smaller order, and whether z is x 1 or x 2 .
Coverage In the range n < 1000, Theorem 2.3 covers values as follows: n = 31 : 
Note 2.1 In the range n < 1000, Theorems 2.1-2.3 exclude n = 139, 223, 331, 547, 607 and 859. All but one of these has x-values x 1 and x 2 with ord n (x 1 ) = (n−1)/2 and ord n (x 2 ) = (n−1)/3; the exception is n = 547, which has x 1 = 505 and x 2 = 39, with ord n (x 1 ) = (n − 1)/26 and ord n (x 2 ) = (n − 1)/13.
Problem 3
It is natural to wonder whether there are infinitely many primes for which the conditions of one of the above theorems are satisfied. Here are some thoughts on this. In all cases we seek primes congruent to 7 or 31 (mod 36); Dirichlet's Theorem [6, Theorem 2.10] guarantees that infinitely many such primes exist, and indeed they have density 1/6 among all primes. Consider Theorem 2.1. We require that an element of order (n−1)/6 (necessarily a sixth power) should satisfy x 2 + 3x + 3 = 0, so there should be a solution y of the equation y 12 + 3y 6 + 3 = 0. The Chebotarev density theorem [4] , [8, section 1.2.2] guarantees that this equation will have a solution in an infinite set (indeed, a set of positive density) of primes. This theorem can further guarantee a set of positive density for which x 1 has six distinct sixth roots (so that n ≡ 1 (mod 6)) and x 2 is a non-square (so that n ≡ 3 (mod 4)), but we do not know how to exclude n ≡ 19 (mod 36).
A more serious difficulty is that the fact that x is a sixth power guarantees only that its order divides (n − 1)/6; it does not seem easy to show that the order is precisely this value. Clearly this would be the case if n = 6q + 1 with q prime; but it is not even known whether infinitely many primes of this form occur.
Of the 1614 primes less than 10 5 which are congruent to 7 or 31 (mod 36), there are 494, 476 and 476 that satisfy the conditions of Theorems 2.1-2.3 respectively
We conclude this subsection with a converse to the preceding theorems.
Theorem 2.4 Any 3AP decomposition of U n for n prime, in which the generators have orders 2, 3 and (n − 1)/6, arises as in one of the three preceding theorems.
Proof We already saw that n must be congruent to 7 or 31 (mod 36). The only element of order 2 is −1, and the only elements of order 3 are x 1 + 1 and x 2 + 1, where x 1 and x 2 are the roots of x 2 + 3x + 3 = 0 (with the convention that x 1 has odd order and x 2 even order). The only possibilities for the third generator are thus −x i − 3, 2x i + 3, or 2 −1 x i , for i = 1 or i = 2. We treat the three cases in turn.
In the first case, since x 1 + x 2 = −3, we have −x 1 − 3 = x 2 and vice versa. Since x 2 has even order by our convention, we must have i = 2, and the generators are x 1 , −1 and x 2 + 1; the requirement is that x 1 has order (n − 1)/6.
In the second case, we assume that 2x i + 3 has order (n − 1)/6, and have to prove that i = 2 and that the orders of x 1 and x 2 are (n − 1)/2 and (n − 1) respectively. Let j = 3−i. From the proof of Theorem 2.2, we see that 2x i +3 = −(x i + 1)x i , so that x i = −(x j + 1)(2x i + 3), the product of elements of orders 2, 3 and (n − 1)/6; so x i has order n − 1. Thus i = 2. Now (x 1 + 1)x 1 = 2x 2 + 3 has order (n − 1)/6, so
Finally, the third case obviously gives the situation of Theorem 2.3.
The case
We now prove two theorems that apply for prime values n such that the factors in a 3AP decomposition of U n have orders 3, 4 and µ where 3, 4 and µ are pairwise co-prime. We give no theorem for the situation where µ is the order of the middle generator. This case can occur; the smallest example is for n = 997.
Theorem 2.5 Let n be a prime satisfying n ≡ 13, 61, 85 or 133 (mod 144), n > 13. Suppose that there is an element x from U n such that x 2 + 3x + 3 ≡ 0 (mod n) and such that there is also an element k with ord n (x + 1 + k) = 4 and ord n (x + 1 + 2k) = (n − 1)/12. Then
Proof As for Theorem 2.1. Note that the condition on x+ 1 + k can be written
Coverage In the range n < 1000, Theorem 2.5 covers values as follows: Theorem 2.6 Let n be a prime satisfying n ≡ 13, 61, 85 or 133 (mod 144), n > 13. Suppose that there is an element x from U n such that x 2 + 3x + 3 ≡ 0 (mod n) and such that there is also an element k with ord n (x + 1 + k) = 4 and ord n (x + 1 − k) = (n − 1)/12. Then
where µ = (n − 1)/12.
Proof As for Theorem 2.1.
Coverage In the range n < 1000, Theorem 2.6 covers values as follows: In the range n < 1000, Theorems 2.5 and 2.6 fail to provide 3AP decompositions of U n for n = 277, 421, 709, 733, 853 and 877. However, 3AP decompositions for n = 421 exist for other partitions of n − 1.
We now examine what occurs for primes n such that the factors in a 3AP decomposition of U n have orders 2, 5 and ν, these orders being pairwise coprime. Amongst primes satisfying n ≡ 11, 31, 71 and 91 (mod 100), n > 11, the patterns of occurrence of such 3AP decompositions are very similar to those reported in §2.1 above. For each relevant value of n there are 4 elements of order 5; their sum is −1 and their product is +1. Sometimes more than one of the four can be used. 
In the range n < 1000 they are as follows: 
Some double-barrelled cases
Two special cases arise for prime n such that U n has more than one 3AP decomposition. These are where we can write either
For the first of these we need k + z and k − 2z to have the same order (mod n) and each to be a power of the other (mod n). For the second we need the same relationship between k and k + 3z. We have failed to find any theorems to indicate when these cases arise. In the range n < 1000, the occurrences of the first case are these: 
Lifts
We now consider how and when an AP decomposition of U n can be used to obtain AP decompositions of U n ′ where n ′ is a power of n or some other multiple of n.
Definitions
In this section, we allow weak 3AP decompositions U n = x a × y b × z c , where one of x, y, z is allowed to be 1 (so that the corresponding cyclic factor is trivial). For example,
and
are weak 3AP decompositions. Where it aids clarity, we refer to a 3AP decomposition in the original sense as being strong.
If p is a prime satisfying p ≡ 11 (mod 12) and ord p (3) = (p − 1)/2, then
If n divides n ′ , then the map x → x (mod n) is a ring epimorphism from Z n ′ to Z n , and maps U n ′ onto U n . It preserves the property of forming an arithmetic progression. However, it does not in general map a (weak) 3-AP decomposition of U n ′ to a (weak) 3-AP decomposition of U n . (It maps a generating set to a generating set, but does not necessarily preserve the direct sum decomposition.) Note in passing that, if n divides n ′ , then φ(n) divides φ(n ′ ), the quotient being the order of the kernel of the homomorphism from U n ′ to U n .
Suppose that n divides n ′ , and that the 3AP decompositions
Then we call the second decomposition a lift of the first, with index n ′ /n. Note that we must
For example, the decomposition
is a lift of the weak 3AP decomposition (2) of U 7 . We further describe x ′ as being a lift of x, and so on.
Lifts from n to np, with p an odd prime
We are unable to give necessary and sufficient conditions for lifts to exist. In the remainder of this section, we consider the case where n ′ = np for an odd prime p. (We do not know whether every lift can be obtained by a sequence of lifts where the indices are primes.)
We subdivide the analysis into three cases.
where p does not divide m. In this case, if an element x ∈ U n has ord p k (x) divisible by p, then any lift
So at most one of x, y, z can satisfy this condition if there is a lift which is a 3AP decomposition. Conversely, if, say, x satisfies the condition but y and z do not, then we can choose lifts y ′ and z ′ of y and z satisfying ord n ′ (y ′ ) = ord n (y) and ord n ′ (z ′ ) = ord n (z), and the unique lift
For example, below (Case 2, Subcase 2.2) we find a decomposition
This cannot be lifted to a 3AP decomposition of U n ′ with n ′ = 5 × 275. On the other hand, the decomposition (3) can be lifted to U 343 = 18 3 × 342 2 × 323 49 .
Case 2: p divides n but p 2 does not. We further subdivide into four cases according to how many of the orders a, b, c are divisible by p. Note that φ(np) = φ(n)p.
For any x ∈ U n , with ord n (x) = a, the lifts of x to U pn belong to an extension of C p by C a , which is isomorphic to C p × C a . Hence, if p does not divide a, then one of these lifts (which we call the special lift ) has order a, and the other p − 1 have order pa; while if p divides a, then all have order a. Subcase 2.1: None of a, b, c is divisible by p. If a lift is a 3AP decomposition, then two of x, y, z lift to elements of the same orders (and so must be special lifts), while the third lifts to an element with p times the order. Let x ′ , y ′ , z ′ be the special lifts of x, y, z. We call the decomposition unproductive if (x ′ , y ′ , z ′ ) is an AP in Z np . In this case, there is no lift to a 3AP decomposition of U np . In the contrary productive case, there are three lifts which are 3AP decompositions since we may choose for which two of x, y, z we use special lifts, and the third lift is determined by the AP requirement.
Thus, if we start from the productive strong 3AP decomposition
we obtain the three lifts If we start from a productive weak 3AP decomposition, then two of the three lifts are weak but the third (where the identity lifts to an element of order p) is strong. This happens in the example (3) of a 3AP decomposition of U 49 ; the two corresponding weak 3AP decompositions lifted from (2) are
Now consider the prime n = 379. The strong 3AP decomposition
is unproductive: the special lifts of 239, 378 and 138 are respectively 8956, 143640 and 134683, which happen to be in arithmetic progression (mod 379 2 ). The two weak 3AP decompositions
are also unproductive, but these are the only ones with prime modulus less than 1000. It appears that productive decompositions predominate; unproductive ones depend on an accidental coincidence which is comparatively rare.
Subcase 2.2:
One of a, b, c (say a, without loss) is divisible by p. Now choose the special lift of either y or z, and any non-special lift of the other; the lift of x is determined by the AP requirement. So there are 2(p − 1) lifts to 3AP decompositions.
Here is an example. Start from a weak 3AP decompositions of U 55 :
We wish to lift to strong 3AP decompositions of U 275 . We are in this subcase. All lifts of 3 have order 20, but each of the generators 54 and 1 has one special lift (namely 274 and 1 respectively). So we must use a non-special lift of 1, the special lift of 54, and the lift of 3 which completes the AP: The other four lifts (where we use the special lift of 1 and a non-special lift of 54) are weak 3AP decompositions. In the same way, the decomposition
gives rise to four more strong 3AP decompositions of U 275 . Suppose, however, that we consider lifting (7) and (8) from n = 55 to n = 605. The only lifts of 52, 54, 1 and 3 (mod 605) which have orders 20, 2, 1, and 20 respectively are 602, 604, 1 and 3 (mod 605), which are in AP, so we fail to obtain any 3AP decomposition for U 605 . Subcase 2.3: Two of a, b, c (say a and b) are divisible by p. We must choose a non-special lift of z, and any lift of x; so there are p(p − 1) lifts to 3AP decompositions of U n ′ . Suppose, for example, that we take n = 273 = 3 × 7 × 13 and p = 3, to give n ′ = 819. Computer enumeration has shown that there are 108 strong 3AP decompositions of U 273 , each perforce having 2 generators whose orders are multiples of 3. The 648 lifts to U 819 arise from the strong decompositions.
Subcase 2.4: All three of a, b, c are divisible by p. In this case, three distinct prime divisors of n are congruent to 1 (mod p), and so np has at least four prime divisors, so no 3AP decomposition of U np can exist. (Alternatively, note that all lifts of x, y, z have the same orders as the original elements, so the group they generate has the same order as x, y, z .) Case 3: p does not divide n. In this case, U np ∼ = U n × U p . This case is the most difficult and we do not have any general criteria for a lift to exist. However, U np is a product of at most 3 cyclic groups. From the structure of the group of units, as described in the Introduction, we see that n = q α r β , or 2q α r β , or 4q α , or 2 α , for some odd primes q and r, and some α, β ≥ 0. In this case, one of the lifts of any generator of a 3AP decomposition of U n is a multiple of p, and therefore must be disallowed as a spurious lift. The spurious lifts a ′ , b ′ , c ′ of the three generators a, b, c are in AP. For they form an AP (mod n) by definition, and a trivial AP (mod p). By the Chinese Remainder Theorem, the congruences
. Suppose that we have n = 31 and p = 5, and we consider lifting 
Lifting to U p α
In one special case of lifts we can draw a strong conclusion. This case requires a productive 3AP decomposition for U p where p is prime; we recall the unproductive examples (4), (5) and (6) given above.
Theorem 3.1 Let p be an odd prime, and suppose that
is a productive (possibly weak) 3AP decomposition. Then for any α ≥ 2, there is a lift of the given decomposition which is a (strong) 3AP decomposition of U p α .
Proof We show inductively that there is a lift where two of the lifted elements have the same orders as the originals, and the third has order multiplied by p α−1 . For the first step, we are in case 2, subcase 2.1; in this case we saw that any productive decomposition has three lifts, at least one of which is strong.
For the general step, we are in case 1, and we start with a decomposition in which two of the elements have orders coprime to p; so the necessary condition for this case is satisfied, and the lift exists.
4 n an odd composite integer 4.1 n a multiple of 3 Theorem 4.1 A 3AP decomposition of U 3p does not exist for any prime p with p > 3.
Proof Suppose that
Then d is divisible by 3, since otherwise one of a, a + d, a + 2d would be a multiple of 3.
If a ≡ 1 (mod 3) then all three generators are congruent to 1 (mod 3), and so is every element in the group they generate, which is not possible. On the other hand, if a ≡ 2 (mod 3), then each of the generators has even order (since it has even order in U 3 ), and so
The next result has a similar proof; it is rather special but rules out one particular type of 3AP decomposition.
Theorem 4.2
There is no 3AP decomposition of U 3m of the form
Proof The argument of the preceding theorem shows that m is divisible by 3. Since all the generators are congruent mod m, and projection from U 3m to U m is onto, we see that U m must be cyclic (and a is a primitive root of m), so m is of the form p t , or 2p t (for some odd prime p), or m = 4. So necessarily p = 3. But now the order of a (mod m) is 2 · 3 t−1 , and the same goes for the other generators as well. Their orders (mod 3m) are at least as large, so we must have (2 · 3 t−1 ) 3 ≤ 2 · 3 t , which is impossible.
Products of three primes
Theorem 4.1 does not rule out 3AP decompositions of U 3pq , where p and q are distinct primes, and indeed these do exist. In this case, a new phenomenon occurs: we can obtain new solutions from old. This works more generally for the case where n is the product of three odd primes p, q, r, and ξ(n) = 4 (so that U n = C λn × C 2 × C 2 ). Suppose that the abelian group A can be written (adapting our previous notation) as
Then A contains an elementary abelian group B of of order 8 generated by x a , y, z. If three elements x ′ , y ′ , z ′ have the properties that their orders are 2a, 2, 2 respectively and (
′ generate cyclic subgroups whose direct product is A. If A = U n for some n, then multiplying an arithmetic progression by a fixed unit yields an arithmetic progression; so we look for an element u such that x ′ = xu, y ′ = yu, z ′ = zu satisfy the above conditions.
We see that u must have order 2, so u ∈ B. If a is even then (xu) a = x a , while if a is odd then (xu) a = x a u. It is then easy to check that the allowable values of u are as follows:
• u ∈ {x a , yz, x a yz} if a is even;
• u ∈ {x a y, x a z, yz} if a is odd.
In each case, the possible values of u, together with the identity, form a subgroup of B; so no further expressions can be obtained by repeating the procedure. Moreover, in each case, yz is an allowed multiplier, and converts [x, y, z] into [xyz, z, y]; so the solutions come in pairs, each pair consisting of the first three and the last three terms in the sequence [x, y, z, xyz].
Theorem 4.3 Suppose that n is the product of three odd primes, and that
is a 3AP decomposition, where λ = λ n . Then
is also a 3AP decomposition, where
In each case, there are two four-term arithmetic progressions whose three-term subprogressions give the stated decompositions.
We call these sets of four decompositions quartets. Here are some examples of quartets, in cases where one of the primes dividing n is 3. We list the values of n and λ, and the two four-term progressions [x, y, z, xyz]; the orders of the terms are λ, 2, 2, λ, and the first and last three give 3AP decompositions.
Coverage In the range n < 300, the coverage of Theorem 4.4 is as follows: The case 287 = 7 × 41 fails, since ord 41 (−3) = 8. In the range q < 300, the value q = 41 is the only prime q with q ≡ 2 (mod 3) and ord q (−3) = q − 1. However, in the range p < 300, there are four primes p with p ≡ 7 (mod 12) and ord p (−3) = (p − 1)/2, namely p = 67, 103, 151 and 271.
As is hinted in §8 of [3] , many special cases arise when we come to consider composite values n = pq where p and q are distinct primes satisfying p ≡ q ≡ 1 (mod 6), with gcd(p − 1, q − 1) = 6. Accordingly, we do not offer theorems to cover these cases. Instead, for the range n < 1000, we use Table 1 to list the instances in which we have
where m = φ n /6. The following values of n are not covered : 259 = 7 × 37, 427 = 7 × 61, 511 = 7 × 73 and 973 = 7 × 139. Now let n = pq where p and q are distinct primes satisfying p ≡ q ≡ 5 (mod 8), q > 5 and gcd(p − 1, q − 1) = 4. For the range n < 1000, Table 2 lists 3AP decompositions of U n that are lifts from weak 3AP decompositions of U q ; an asterisk marks a generator lifted from 1 (mod q). Where the weak 3AP decomposition has a generator of order 4, we classify the lifted 3AP decompositions into three types: if the generator lifted from 1 can be placed first, we have type A when the order of the middle generator is 4, and type C when the order of the last generator is 4, whereas type B has the generator lifted from 1 in the middle.
Lifts from
For the range n < 1000, details of the 3AP decompositions (3APDs) for values of the form n = kp 2 (k and p distinct odd primes, k > 3, p > 3) are as in Table 3 . With the given restrictions on k and p, just one value of the form n = kp 3 lies in the range n < 1000, namely n = 875, and it has precisely six 3AP decompositions. Each of these is obtained by further lifting one of the 3AP decompositions for n = 175. In this further lifting, the orders that are 
where h, i, j ≥ 1 , but we do not pursue this idea further here.
A class of weak 3AP decompositions
A noteworthy class of weak 3AP decompositions arises for primes n satisfying n ≡ 1 (mod 6p) where p is an odd prime, p > 3. In each of these decompositions, one of the generators has order 6 and another has order p. For n < 300, such decompositions are as follows:
n = 67 1 1 × 30 6 × 59 11 n = 79 1 1 × 52 13 × 24 6 TABLE 3 An enumeration of decompositions for n = kp Where U n = a 6 × 1 1 × c p , we have a ≡ (c − 1) −1 (mod n), so that U n = c − 1 6 × c p , a situation discussed in [3, §8.2]. The above weak 3AP decomposition for n = 67 has the orders of the generators in AP.
Finite fields
Finite fields of non-prime order can have 3AP decompositions. Clearly this is impossible in fields of characteristic 2, which contain no 3-term arithmetic progressions.
Example Using GAP [5] , we found the following 3AP decompositions of small finite fields GF(q). In this list, ζ denotes the primitive root (denoted by Z(q) in GAP notation) in the field GF(q). It is a root of the appropriate Conway polynomial [7] ; the relevant Conway polynomials are as follows: Can we have a 3AP decomposition of GF(q) × in which two of the generators have orders 2 and 3 ? As earlier, such a decomposition requires that (q − 1)/6 is co-prime to 6, so that q ≡ 7 or 31 (mod 36). But this implies that, if q = p n with p prime, then p ≡ 7 or 31 (mod 36) (since 7 and 31 are primitive λ-roots of 36 [3] , and each is the fifth power of the other). Then elements of orders 2 and 3 lie in the prime subfield, and hence so does the whole AP. So there are no such decompositions other than those of U n for n prime discussed in §2.
A similar argument shows that a 3AP decomposition of GF(11 3 ) × into factors of orders 2, 5 and 133 is impossible.
7 Decompositions with more than three factors
As indicated above, we can define 4AP decompositions analogously to 3AP decompositions.
A computer program has shown that no examples of strong 4AP decompositions of U n exist for prime values of n up to 10000. The smallest composite n for which strong 4AP decompositions of U n exist is even: The smallest weak 4AP decomposition of U n with prime n is U 3613 = 3528 4 × 1148 129 × 2381 7 × 1 1 .
We have no examples with larger numbers of generators that are in AP.
Note The computations reported in this paper were performed using GAP [5] , and a package of GAP functions written by the first author for computations in the groups U n , available from [2] . Further documentation of these functions can be found in [3] .
